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In preliminary studies on the frequency distribution, specific heat and Young’s moduli of the
orthorhombic polyethylene crystal, methylene groups were treated as single dynamic units. Inter-
methylene force constants were estimated from the intermolecular potential function of methane
and from deBoer’s potential function. Dynamical matrices of acoustic vibrations were constructed.
A practical method was worked out for deriving the frequency distribution of acoustic vibrations
from the volume enclosed in constant-frequency surfaces in a three-dimensional phase-difference
space. With reference to specific heat in the lowest temperature region, inter-methylene force
constants were adjusted. An efficient method was used for calculating the frequency distribution of
crystal vibrations of chain-polymers. The frequency distribution of orthorhombic polyethylene
crystal and specific heats in low temperature region were calculated in agreement with experimental

results.
chain-polymer crystals.

A simple approximate method was used for treating Young’s moduli of orthorhombic
Applicability of the skeletal approximation is discussed.

Experimental specific heat’® of polyethylene
with various degree of crystallinity was extrapolated
to 1009 crystallinity and specific heat of the cry-
stalline region and amorphous region was obtained
by Wunderlich.® Stockmeyer and Hecht® treated
the lattice dynamics of a model crystal with aniso-
tropic force field in a tetragonal lattice. Tarasov?
treated a chain-polymer crystal model as elastic
rods with weak inter-rod interactions. These over-
simplified models might be useful in studying tem-
perature dependence of specific heat. However,
these models are not applicable for analysing
spectroscopic data including infrared and Raman
frequencies.

For polymer-chain crystals, the specific heat of the
crystalline region is proportional to the third power
of absolute temperature in the lowest temperature
region, but is nearly proportional to temperature
at intermediate temperatures below 70°K. Thus,
experimental specific heat may be reproduced® by
adjusting characteristic frequencies (vp; and wvp;)
of a combination of the three-dimensional and one-
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dimensional Debye models. However, if the fre-
quency distribution of the combined Debye models
is quite different from the actual distribution, the
physical meaning of characteristic frequencies
(especially »p;) is not clear.

Specific heat of crystalline material is due to the
frequency distribution of crystal vibrations which
depend upon the force field. The intramolecular
force field of polyethylene® and hydrocarbon mole-
cules? 1) were studied and a general theory of poly-
mer-chain vibrations was derived.2-14) However,
for the purpose of studying frequency distribution,
specific heat or neutron-scattering cross sections
theoretically, normal vibrations of acoustic branches
and optical branches of the three-dimensional crystal
need be treated.

A general method of group-theoretical analysis
of crystal vibrations was reported previously'® for
orthorhombic  crystals. Furthermore, general
matrix methods were derived for studying molec-
ular crystals and chain-polymer crystals and for
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(1967).
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approximately calculating the frequency distri-
bution of low frequency lattice vibrations. In
the present study, a practical method of calculating
frequency distributions of chain-polymer crystals
was developed and frequency distribution, specific
heat and Young’s moduli of polyethylene crystal
were treated. Methylene groups were approxima-
tely regarded as single dynamic units since internal
vibrations of methylene groups lie above 700 cm—!
and thus contribute little to specific heat below
150°K. The present study has been reported in a
short communication.6)

Force Field of Polyethylene Crystal

Crystal Structure. The X-ray diffraction of
the orthorhombic polyethylene crystal (Prqm)
was analysed by Bunn.!” Two molecular chains
pass through a unit cell along the ¢ axis and there
are four methylene groups per unit cell. Lattice
constants at room temperature are a,=7.40, b=
4.93 and ¢,=2.54 A, with the bond length of 1.53 A
(CG-C) and the bond angle of 112°(C-C~C). The
setting angle of the main-chain plane (angle « in
Fig. 1) is 48.7°.

~———

Fig. 1. Interchain of polyethylene

potential
crystal (skeletal approximation).

Intrachain Force Field. For normal vibration
treatment, the force field of the polyethylene crystal
was expressed as the sum of the intrachain terms
and interchain terms.

V(crystal) = V(intrachain) + F(interchain) 1)

The intrachain force field used was the Urey-Brad-
ley force field,®

V(intrachain)
1
= G DKAA) + Kg(49)" + Ko(4g)* + Ki(41)’]
©))
16) T. Miyazawa and T. Kitagawa, J. Polym. Sci.,

Part B, 2, 395 (1964).
17) C. W. Bunn, Trans. Faraday Soc., 35, 482 (1939).

where K,, K4, K, and K, are force constants associ-
ated with the bond-stretching (4r), angle-bending
(4¢), repulsion (4q) and internal-rotation coordi-
nates (At). The values of intrachain force con-
stants were adjusted (Table 1) so as to reproduce
the frequency-dispersion curves of the isolated poly-
ethylene chain.®) The number of each type of terms
per unit cell is listed in Table 1.

TABLE 1. FORCE CONSTANTS AND EQUILIBRIUM
DISTANCES
N d(A) Force constant

K, 4 1.53 4.0md/A

K, 4 2.5 0.35md/A
P, 4 4.12 A
P . 1) 0.025 md]
P, 4 4.51 0.003 md/A
K, 4 0.047 md-A
Ky 4 0.59md-A

N; number of potential terms per unit cell.

Interchain Force Field. There are three
types of close contacts (p;, p, and p; in Fig. 1)
between methylene groups of neighboring chains.
Accordingly, the interchain force field was expressed
as

V(interchain)
= S SIP(pY + P4p? + PAApY] O

where P,, P,, and P, are the force constants associ-
ated with the intermethylene stretching coordi-
nates Ap,, Ap, and Ap,. These force constants
were adjusted with reference to the experimental
specific heat!® at temperatures below 10°K where
P, and P, were taken equal (intermethylene dis-
tances are nearly equal).

Acoustic Branches and Specific Heat

Normal Vibration Treatments. For an
orthorhombic crystal, normal modes are specified
with phase-difference vector §(d4,95,9:), whose
components are phase differences of atomic dis-
placements between adjacent unit cells along the
a, b, and ¢ axes. A group-theoretical method for
constructing symmetry coordinates of ortho-
rhombic crystals was described previously.1%

For orthorhombic polyethylene, there are four
methylene groups per unit cell. If methylene
groups are treated as single dynamic units, there
are twelve vibrational modes for any given phase-
difference vector. Twelve Cartesian symmetry
coordinates were described.’® In the present study,
dynamical matrices were diagonalized with a
NEAC 2201 electronic computer.

18) W. Reese and J. E. Tucker, J. Chem. Phys., 43,
105 (1965).
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Acoustic Branches. Specific heat of a crystal
in the lowest temperature region is due to acoustic
vibrations of lowest frequencies. Since the fre-
quency distribution of these acoustic vibrations is
proportional to the second power of frequency,
the specific heat is proportional to the third power
of absolute temperature. For a chain-polymer
crystal, the coefficient may be derived as a function
of interchain force constants.

For an orthorhombic crystal, three acoustic
vibrations are reduced, in the limit of 3—0, to trans-
lations (B, Byy, B;,) along the a, b, and ¢ axes.
Actually, however, three frequencies are degene-
rate and accordingly the eigenvector matrix (Lg)
of the dynamical matrix (Dg) is not uniquely
determined. The eigenvector matrix Lg(0) may
be obtained approximately after diagonalization of
Ls(3,) for a very small 3,

The eigenvector matrix Lg(0) may be used in
deriving the dynamical matrix H(3) of acoustic
vibrations. Thus, elements of the dynamical ma-
trix Dg(8) [12%x12] are expanded up to second
power of d,, 6 and J, and subsequently are sub-
jected to the orthogonal transformation with Lg(0).
In the transformed matrix, cross terms for overall-
rotational modes (about the chain axis) and trans-
latory acoustic modes are proportional to the first
power of d,, 6, and J,. Thus, the second-order
perturbation treatment is applied for obtaining the
dynamical matrix H(3) of translatory acoustic
modes along the a, b and ¢ axes, respectively,

H,, = 4,6, + By6y® + C16.2
H,y = Azaa2 + Bzabz + Czécz
Hgg = 4305* + Bydy® + Cyd*

(C))
Hyy = D151)5:
Hy = Dzéaﬁc
Hyy = D35a5b

For the orthorhombic crystal of polyethylene, the
coefficients 4, B, C and D were obtained as functions
of interchain force constants (Table 2). The diago-
nal element Hy; is associated with the translatory

TaABLE 2. THE COEFFICIENTS (4, B, C AND D) oF
DYNAMICAL MATRIX ELEMENTS FOR ACOUSTIC MODES

A, = 0.0143P, + 0.0201P,

H,, { B, = 0.0143P; + 0.0201P, + 0.0110P,
C, = 0.0201P, + 0.0003P,

0.0035P, + 0.0124P,

Hy, { By = 0.0035P; + 0.0124P, + 0.0646P,

&
I

C, = 0.0124P, + 0.0161P,
Ay = 0.0033P,
Hy { By = 0.0033P, + 0.0056P,
Cy = 0.0033P, + 0.0014P, -+ 0.0620
Hy D= 0.0127P, + 0.0191P,
Hy, D,= 0.0162P,
H,, D,=0.0142P, + 0.0315P,
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mode along the ¢ axis and accordingly is indepen-
dent of P, since the contact line (p,) is perpendi-
cular to the axis. Also, the translatory mode along
the ¢ axis involves intrachain distortions and ac-
cordingly C, is a sum of interchain terms (P, and
P;), and a constant intrachain term of 0.0620. It
may be mentioned also that C;, C, and C; are in-
dependent of P; because the contact p, is between
adjacent chains in the ab plane (perpendicular to
the ¢ axis). Similarly, 4,, A, and 4; are indepen-
dent of P; because the contact p; is between
adjacent chains along the b axis (perpendicular
the to a axis).

Constant-frequency Surfaces. Frequencies
[v:(8)] of three acoustic vibrations may be obtained
from eigenvalues [4;(8)] of a dynamical matrix
D(3),

4i(8) = [2mevi(9)]? )
If off-diagonal terms are negligible as compared
with diagonal terms, then eigenvalues (4;) approx-
imate to diagonal elements (H;;) and constant-
frequency surfaces of acoustic vibrations are ellip-
soids in the phase-difference space. The sum of
volumes enclosed in three constant-frequency sur-
faces is given as

3
o(v) = (47/3) X 8r3cv® 3] (4;B;Ci)~ /2 (6)
i=1
Actually, however, off-diagonal elements of

dynamical matrices are not negligible as compared
with diagonal elements, and accordingly diagonali-
zation of dynamical matrices is required. In prac-
tical treatments, it may be recalled that all elements
of dynamical matrices Eq. (4) are given as quad-
ratic forms of components (J,, 0p, O,) of phase-
difference vector (3). Accordingly with the use
of spherical polar coordinates!® in 8 space, phase-
differences are now written as

8, =]08]-sinf cos ¢

s = |8]|-sinfsin ¢ @

O; =|8]-cosf
where |8] is the length of a phase-difference vector
8. Substituting Eq. (7) into Eq. (4), it may be
seen that frequencies (v;) of acoustic vibrations are
proportional to |3| and ratios

pi(0, ¢) =8]/vi(3) ®

depend upon the angles § and ¢ in d space. Accord-
ingly, dynamical matrices are now expressed as
H(|3|,6, ) and are diagonalized for a given
|8| but for many samples of 6 and ¢. Then for
the ith acoustic branch, the constant-frequency (v)
surfaces may be obtained by numerical calculation
of ratios p;(0,¢) as functions of 6 and ¢. The volume
enclosed in a constant-frequency (v) surface of the
ith branch is given as

x/2 /2 .

2i(v) = (8v%/3) f f [0i0, $)Psin0dOds  (9)
0 o

19) W. V. Houston, Rev. Mod. Phys., 20, 161 (1948).
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since, for orthorhombic crystals, the irreducible
zone of the & space is one-eighth of the first Bril-
louin zone.® In practical calculation, numerical
integration is carried out with divisions of 46=r/90
and 4¢=mn/36 (confirmed to be sufficiently fine).
The sum of volumes enclosed in constant-frequency
surfaces of three acoustic vibrations is given as

o(v) = (8v3/3)}§‘, %} % [pi8, ¢)]®sinf-404¢ (10)

0 = /180, 37/180,---, 897/180
¢ = n/72, 3772, 357/72

Frequency Distribution. Under the cyclic
boundary condition, allowed phase-difference
vectors are distributed uniformly in the first Bril-
louin zone. Accordingly the number (per unit
cell) of acoustic vibrations lying below a given
frequency () is given as v(»)/8rn® since the total
volume of the first Brillouin zone is 873, For an
orthorhombic crystal containing n equivalent
groups (or molecules), the normalized fraction of
the number of acoustic vibrations lying between
v and v+-dv is given as g(v)dv, where g(») is obtained
by differentiation.

g(v) = d[o{v)/8z*n}/dv = pv* (11)
y = {za:§§ (08, $)1° sin 0} x (404g[nn2) (12)
1=1

Tor the orthorhombic crystal of polyethylene, the
number of methylene groups per unit cell is n=4.

Specific Heat. The specific heat of a crystal
is given as the sum of terms due to crystal vibrations,

Cy/R = ?G(V)u2 exp (—u)[l — exp(—u)]~2 (13)

u = hevikT (14)

where G(v) is the normalized distribution (histogram
at v) of vibrational frequencies. In the lowest
temperature region, the specific heat is primarily
due to the frequency distribution of acoustic vib-
rations [Eq. (11)]. Accordingly, G(») in Eq. (13)
is replaced with g{»)dv and the integration is car-
ried out yielding

Cy/R = y(k/hc)aTaj‘wu4 exp (—u)[l — exp(—u)]~2du

=25.98y (klhcPT? 15)

‘The value of C,/RT? is therefore proportional to
y which depends upon interchain force constants.

For orthorhombic polyethylene, inter-methylene
force constants may be estimated from the inter-
molecular potential function of methane or from
deBoer’s potential function (to be discussed later).
If estimated values of three constants (P;, P, and
P,) are adjusted under fixed relative ratios, the
value of y is nearly proportional to P-3/2. For
polyethylene, the value of 10°C,/RT? is experi-
mentally obtained as 1.9 (by Isaacs®) or as 1.68
(by Tucker®and Reese®). In the present study,
intermethylene force constants were adjusted to

P,—P,=—0.025 and P,=0.003 md/A so that 105C,/
RT? 1s calculated as 1.86.

Frequency Distribution and Specific Heat

Factor-group Modes. For the orthorhombic
crystal of polyethylene, there are five lattice modes
with @=0 (factor-group modes, Fig. 2). The
B,,, By, and 4, modes are antiparallel translatory
modes along a, b and ¢ axes and 4, and By, are
rotatory modes around the chain axis.?® These fre-
quencies were calculated as 153, 104 and 47 cm~?
and 97 and 100 cm™! with the intermethylene force
constants (Table 1).

R

SR
~\)

By

Bag

-

,3 ?

. A

Fig. 2. Lattice vibrations (8=0) of orthorhombic
polyethylene.

Dispersion Curves. For any given phase-
difference vector 8, there are eight vibrations of
polyethylene below 700 cm~!. Frequencies of
these vibrations vary with 3. As an example, the
dispersion curves are shown in Fig. 3 for 8=(0,0,0)—
(0,0,7). It may be noted that, as 3—0, five optical
branches become the factor-group modes (Fig. 2)
and three acoustic branches are reduced to overall
translations along the 4, b and ¢ axes. Symmetry
assignments (4,—A4,) of dispersion curves were made
by a group-theoretical treatment.'® Dispersion
curves of the same symmetry species do not inter-
sect one another.

Sampling of Phase-difference Vectors. The
frequency distribution of a crystal may be calcu-
lated after normal-coordinate treatments of crystal
vibrations with all possible phase-difference vectors.
Under the cyclic boundary condition, phase-dif-
ference components along the a4, b or ¢ axis are

20) S. Krimm, C. Y. Liang and G. B. B. M. Suther-
land, J. Chem. Phys., 25, 549 (1956).
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Fig. 3. Dispersion curves [8=(0, 0, 0)— (0, 0, )] of vibrational frequencies of orthorhombic

polyethylene (skeletal approximation).

uniformly distributed in the region —n<d=<n.
For an orthorhombic crystal, however, the irreduc-
ible volume in & space is one eighth (0<C6<Cm) of
the first Brillouin zone.!®

Vibrational frequencies of chain-polymer crystals
change little with §, or &, because the interchain
force field is much weaker than the intrachain
force field. On the other hand, vibrational fre-
quencies change sensitively with 6, and accordingly
it is advisable to take many more values of §, than
of 8, or J.

In the present study on polyethylene, the phase-
differences of §, or §, were given nine values (10,
30, 50, ..., 150, and 170°) at an interval of 20°. On
the other hand, the phase-difference of &, were
given 540 values (1/6, 3/6, 5/6, 7/6,..., 1077/6, and
1079°/6 at an interval of 1°/3, yielding a total of
43,740 6 vecotrs in the irreducible volume. How-
ever, computation of vibrational frequencies for
these many 6 vectors is not practical and accordingly

it was desirable to use an interpolation method.
Thus, for every set of 3, and §;, dynamical matrices
were diagonalized to yield vibrational frequencies
only for each of ten values of d, (0, 5, 10, 20, 40,
60, 90, 120, 150, and 180°). These J, values were
selected nonuniformly so as to reproduce low-fre-
quencies satisfactorily for small 6, values (Fig. 3).

Interpolation. For frequency-interpolation,
a cubic equation was constructed as

W(de) = do + did; + dod® + dsd® (16)

which satisfies frequencies (¥, v,, »;, and ;) for
successively selected values of §,=6;, J,, J; and d,.
Equation (12) may be used for §,<<6,<d; and is
applicable to 8, values of 5—150°. However, the
equation for 6;=90°, §,=120°, §;=150° and &,=
180° was also used for §, values of 150—180°. In
practical computation, Eq. (16) was rewritten as

V(0c) = (V1 V2V V) W35 an
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ws = 1 1 1 1 -ir 1
0, 0y 03 O oc (18)
8.2 82 82 O, o
63 8,3 83 83 58

and the w; vector was used commonly for any set
of ., and 6;. For the d, values of 0—5°, a quartic
.equation was constructed as

v(d:) = do' + dy'dc2 + dy'd.2 (19)

which satisfies frequencies for 6,=0, 5 and 10°.
Vibrational frequencies thus calculated with the
interpolation method were confirmed to agree,
better than +0.7 cm~1, with those calculated with
.diagonalization of dynamical matrices. Thus, the
computation time consumed in frequency calcula-
tions for 43740 & vectors was drastically reduced.

Frequency Distribution. The frequencies of
a total of 349920 vibrations of orthorhombic poly-
ethylene were collected. The frequency distri-
bution was constructed with the frequency interval
of 1 cm~! and was then normalized to the vibra-
itional degree of freedom of a methylene group
‘below 700 cm™1,

SG() = 2 (20)

The frequency distribution histogram of poly-
-ethylene crystal (skeletal approximation) is shown
in Fig. 4 with a frequency interval of 5 cm~t. Two
peaks appear at about 500 and 200 cm—!, as ex-
pected previously from dispersion curves of an
isolated chain of polyethylene.®) Existence of these
-peaks was confirmed by scattering experiments of
thermal neutron from crystalline polyethylene.?!,22)

Specific Heat. The normalized frequency dis-
d¢ribution G(v) [Eq.(20)] was substituted into

41

Arbitrary unit

o
o I0OC 200 300 400 500 600
Frequency (cm-—1)

Fig. 4. The frequency distribution histogram of
orthorhombic polyethylene crystal (skeletal ap-
proximation).

21) H. R. Danner, G. J. Safford, H. Boutin and M.
Berger, J. Chem. Phys., 40, 1417 (1964).

22) W. R. Myers, J. L. Donovan and J. S. King,
ibid., 42, 4299 (1965).

0.5‘/
(0] y T
o 50 100 150
Temperature, (°K)
Fig. 5. Specific heat (C,/R) of orthorhombic poly-
ethylene crystal; open circles: experimental,®

solid line: calculated with the skeletal approxi-
mation.

Eq. (13) and the specific heat at constant volume was
obtained as shown in Fig. 5. At temperatures above
~15°K, calculated values of C,/R gradually deviate
from the 7% law and then become nearly propor-
tional to 7, in good agreement with experimental
values.®) The specific heat (C,/R) due to internal
modes of methylene groups was estimated as small
as 0.002 at 100°K and as 0.038 at 150°K.

Young’s Moduli

Chain-polymer Crystal. For chain-polymer
crystals, Young’s modulus along the chain direction
(¢ axis) depends primarily upon the intrachain
force field whereas Young’s moduli along the a or
b axes depend primarily upon the interchain force
field. Comparison of the calculated and experi-
mental values of Young’s moduli (a or b axes)
serves as a check on calculated force constants of
the interchain force field.

Intrachain forces of chain-polymer crystals are
much stronger than interchain forces. Accordingly,
in treating Young’s moduli along the a or b axes,
intrachain displacements (d¢) may well be neg-
lected. Under homogeneous deformation, the
potential energy of orthorhombic chain-polymer
crystals may be written with two external-defor-
mation coordinates (da and 4b) and an internal-
deformation coordinate (d«) [Fig. 1],

1~
= 5BCB

B = (da 4b da) 22)

where (C is the elastic stiffness constant matrix.
Then, in equilibrium, the tension (f,) along the a
axis is balanced with —dV/d4a and the tension
(f») along the b axis is balanced with —adV/d4b,
but the internal tension (f,) is always equal to zero
so that dV/dAa=0. Under homogeneous defor-
mation, therefore,

ﬁ= Su sz Sla fa
So1 Sag Sas S (23)
Ss1 Sz S 0

@n



378 Teizo KiTtacawa and Tatsuo Mivazawa

where §(=C-1!) is the elastic compliance matrix.
From Eq. (23) Young’s moduli along the a and &
axes are derived as

Ey = ayfbgceSna

(23)
Ey, = bylagceSe, }

Relative ratio of external and internal deformations
[(dajay) : (Abjby) : Aa] is equal to [{S;i/ay) :
(Ss1/bo) : S31] under the tension of f, but is equal to
[(S1a/a6) © (Saa/by) :S35] under the tension f5.

Polyethylene. Young’s moduli (in unit of 101!
dyne/cm?) of orthorhombic polyethylene crystal
were calculated as E,=0.9 and E,=0.3, from the
interchain force constants at lowest temperatures.
In comparison, experimental values® at room tem-
perature are E,=0.4 and E,=0.3.

Discussions

Intermethylene Force Constants. Effective
force constants of CH,---CH, contacts (p) are useful
for studying crystal vibrations and solid state pro-
perties of hydrocarbon polymers. Intermethylene
force constants may be transferred from the second
derivative (kcal/A?) of intermolecular potential (V)
of methane,?®

d2V/dp? = 2.008x 10°/p1¢ — 1.630x 10%/p® (25)

Thus for intermethylene contacts of p,=4.12, p,=
4.18 and p,—4.51 A, intermethylene force constants
at room temperature were calculated as P;=0.018,
P,=0.015 and P,=0.002 md/A, respectively. If
these intermethylene constants at room temperature
are used, the specific heats at temperatures below
10°K are calculated slightly larger than the
experimental data, indicating that intermethylene
constants at < 10°K should be larger than those at
room temperature. In fact, at lower temperatures,
intermethylene contacts become shorter and inter-
methylene force constants are expected to become
larger than those at room temperature.

In treating elastic constants of polyethylene
crystal, interchain force constants were derived by
QOdajima and Maeda?» from deBoer’s repulsive
potential function®) for H..-H contacts (x). Force
constants (in unit of md/A) are given as

d2V/dx? = 150-exp (—3.53%) (26)
In the present study, Eq.(26) was transferred to the
case of intermethylene force constants. Actual

intermethylene contacts (p) were converted to cor-
responding H-.-H contacts (x),

x = (rulrcm,)p @7

23) 1. Sakurada, T. Ito and K. Nakamae, J. Polym.
Sei., Part C, 15, 75 (1966).

24) 1. Miyagawa, Nippon Kagaku Zasshi, 75, 1169,
1173, 1177 (1954).

25) A. Odajima and T. Maeda, J. Polym. Sci., Part
C, 15, 55 (1966).

26) J. deBoer, Physica, 1, 363 (1942).
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where rg and rcy,, are van der Waals’ radii®” of
hydrogen (1.2A) and methylene group (2.0A).
Thus, from intermethylene contacts, force constants
of orthorhombic polyethylene crystal were esti-
mated as P,;=0.024, P,=0.022, and P,=0.003
md/A. With reference to experimental specific
heats at temperatures below 10°K, these values of
force constants were only slightly adjusted to yield
the final set of force constants as listed in Table 1.
Equations (26) and (27) were also used for estimating
effective interchain force constants of orthorhombic
polyoxymethylene crystal.?®)

Constant-frequency Surfaces. In the dynam-
ical matrices of acoustic vibrations of polyethylene
crystal, off-diagonal elements may not be neglected
as compared with diagonal elements. Accordingly,
constant-frequency surfaces of polyethylene are
much distorted from ellipsoidal surfaces. However,
if off-diagonal elements are neglected, constant-
frequency surfaces become ellipsoidal, and the
specific heat (10°C,/RT?) in the lowest temperature
region is calculated as 1.02, that is much smaller
than the theoretically correct value of 1.86. Accord-
ingly, off-diagonal elements of dynamiczl matrices
can not be neglected, and the volume enclosed in
constant-frequency surfaces need be numerically
integrated with Egs. (7)—(10).

Frequency Distribution. The prominent
peaks of the frequency distribution (Fig. 4) at 500
and 200 cm~! correspond to the maximum frequen-
cies of the dispersion curves of the C-C-C bending
branches and C-C internal-rotation branches
around &, values of 120—150° (Fig. 3). In the
region 450—200 cm—1, four dispersion curves of the
C-C-C bending branches are almost straight and
depend little upon 6, or &, Accordingly, the
frequency distribution is nearly constant in the
region 450-—200 cm™!, as expected similarly for
Debye’s one-dimensional elastic continuum.?®

In the frequency distribution of polyethylene
(Fig. 4), there is a peak at the high-frequency cut-off’
of 500 cm~! but, with Tarasov’s model, no peak is
expected to appear at the one-dimensional charac-
teristic frequency (vp;). With the three-dimen-
sional Debye model, a peak is expected to appear
at the cut-off frequency (vp;) below which the fre-
quency distribution is proportional to »%. In the
frequency distribution of polyethylene (Fig. 4),
a vpy peak can not be identified uniquely among
several peaks due to low-frequency optical modes.
The characteristic frequencies were adjusted® to
vp; =375 cm~! and vp;=85 cm~! so as to reproduce
experimental specific heat. However, these can
not be identified uniquely in the frequency

27) L. Pauling, “The Nature of Chemical Bonds,”
Cornell University Press, Ithaca, New York (1960).
28) T. Kitagawa and T. Miyazawa, Rept. Progr.
Polym. Phys. Jjap., 9, 175 (1966); Int. Sym. Macromol.
Chem., Tokyo (paper 2.5.04) (1966).

29) P. Debye, Ann. Phys., 39, 789 (1912).
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distribution of polyethylene (Fig. 4).

Skeletal Approximation. In the normal vib-
ration treatment of orthorhombic polyethylene
crystal by Tasumi and Shimanouchi,®® hydrogen
atoms as well as carbon atoms were treated as single
dynamic units and the factor group frequencies were
calculated as 134(4,), 109(B;,), 99(B,4), 71(Biy)s
and 55 cm™*(4,). It may be remarked that the
requencies of the rotatory modes (4, and By,) are
higher than the frequencies of the translatory modes
(Bgy and Byy,). In the present study, the lattice
dynamics of polyethylene was studied where methyl-
ene groups were treated as single dynamic units at
sites of carbon atoms. With this skeletal approxi-
mation, the frequencies of the rotatory modes are
lower than the frequencies of the translatory modes.

30) M. Tasumi and T. Shimanouchi, J. Ckem. Phys.,
43, 1245 (1965).
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In the rotatory modes of polyethylene chain
about the axis, displacements of carbon atoms are
much smaller than those of hydrogen atoms.
Accordingly, changes in intermethylene contacts
are much smaller than in inter-hydrogen contacts.
Therefore, the rotatory frequencies calculated with
the skeletal approximation are lower than those
calculated by Tasumi.?®

On the other hand, in the translatory modes of
polyethylene chain, displacements of carbon atoms
are equal to displacements of hydrogen atoms.
Accordingly, changes in intermethylene contacts
do not differ much from changes in inter-hydrogen
contacts and the skeletal approximation is fairly
applicable. In fact, intermethylene force con-
stants estimated from deBoer’s potential function
were only slightly adjusted so as to reproduce experi-
mental specific heat in the lowest temperature
region.






